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Abstract

We present our exact numerical perturbation technique for elimi-
nating degeneracies occurring in geometric modeling processes. Con-
sider a geometric modeler that performs a set of geometric operations
(e.g. CSG-based Boolean operations). We would like to make the ge-
ometric modeler “robust” with respect to degeneracies, meaning that
it will not crash.

Our approach achieves many of the same results as symbolic per-
turbation, but requires very little algorithmic adjustment. Our per-
turbation technique differs significantly from the other methods (such
as fixed-precision perturbation) in the following ways:

First, exact computation is used in order to avoid problems caused
by numerical errors. Unlike the methods using fixed precision arith-
metic or interval arithmetic, there is no need to keep track of errors
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together with the associated geometric objects. Exact computation
allows us to choose an arbitrarily small level of perturbation, allowing
us to mimic the theoretical results of symbolic perturbation, unlike
fixed-precision approaches. Exact computation allows the theoretical
algorithms to be implemented straightforwardly. In particular, degen-
eracy detection can be done correctly.

Second, unlike symbolic perturbation, our perturbation scheme
actually modifies the surfaces of solids. Both the direction and the
amount of a perturbation must be determined exactly. The solids
produced by our approach may differ from the input solid. However,
the resulting output solid does not have any inherent degeneracies,
such as edges of length zero or surfaces of area zero.

Besides giving a detailed description of degeneracies, how our ap-
proach handles them, and how it compares with other approaches, we
refer to some simple examples to show that it can be used successfully
on real applications.

1 Introduction

Robustness is a well-known problem in geometric and solid modeling. From
an algorithm or approach design point of view (as opposed to a computer
hardware or programming error point of view), all robustness problems arise
from making an invalid assumption in the creation of an algorithm. One
common example of such an assumption is that computation follows the
Real RAM model [3], where one assumes that all arithmetic operations are
exact over the real numbers, and in unit time; in practice this is not achieved.

Our concern here is with a separate assumption, the general position as-
sumption. Stated roughly, this assumption says that small changes in the
input will not change the nature of the output. More specifically, for geomet-
ric modeling this can be thought of as an assumption that small changes in
the input change the numerical (or geometric) aspects of the output, but not
the combinatorial (or topological) aspects. A violation of this assumption is
referred to as a degeneracy.

Unfortunately, like violation of the Real RAM model assumption, de-
generacies are common in many real-world applications. Sometimes these
problems are unintentional, for example due to round-off error in computa-
tion, low sampling frequency, or poor training of a designer. Other times the
problems may be intentional, for example a designer placing two objects next



to each other, touching only at a point. Regardless of the source, however,
solid modeling software must be able to deal with degeneracies.

In this paper, we propose an ezxact numerical perturbation technique for
dealing with degeneracies, and thus achieving more robust geometric oper-
ations. We discuss the ways in which this approach varies from other ap-
proaches to dealing with degeneracies, and reasons why we believe it can
be superior in certain situations. This paper generalizes several aspects pre-
sented in preliminary form in our short paper at last year’s Solid Modeling
conference [22].

1.1 Main Result

The main result we present here is a formal description of the exact nu-
merical perturbation approach for removing degeneracies. We describe the
prerequisites for the approach, why the approach works, and how it can be
implemented in practice. We also present a detailed description of our ap-
plication of the approach to examples from solid modeling applications.

1.2 Organization

The rest of this paper is organized as follows. Section 2 discusses in greater
detail the nature of degeneracies, particularly in solid modeling applications.
In section 3, we give a brief summary of related work, and review alternative
approaches for handling degeneracies by comparing our exact numerical per-
turbation technique to them. In section 4, we give a more formal description
of our proposed global numerical perturbation method, including a discus-
sion of how it should be implemented. In section 5, we show examples of
exact numerical perturbation applied to resolve degeneracies from some solid
modeling examples. Finally, we conclude in section 6.

2 Nature of Degeneracies

We discuss here the meaning of degeneracies, and how these manifest them-
selves in solid modeling.



2.1 Types of Degeneracies

The term “degeneracy” can have several different meanings depending on its
context. The most general definition has to do with a description of program
flow. As a program is executed, branching decisions are made on the basis
of various predicates, where the code branches one way when the predicate
is < 0, and another way when it is > 0 [23] [25]. Regardless of how values
= 0 are handled, situations that lead to a predicate being evaluated to 0 are
considered degenerate. An infinitesimally tiny perturbation in the data could
change the evaluation of the predicate to be either positive or negative, and
thus change program flow.

If programs correctly account for all predicates, i.e. handle every case
where a predicate evaluates to 0 consistently and ensure that there is no
error in the evaluation of the predicates, they are considered robust. Exact
computation ensures that predicates are evaluated without error; there are a
few different approaches for handling the cases where the evaluation is = 0.

This also means that degeneracies are program-specific. A situation de-
generate for one program might not be degenerate for another, if that other
program does not encounter the same predicate (e.g. because it uses a differ-
ent algorithm). However, there are other situations such that any algorithm
performing a particular task will encounter a degeneracy. As a simple ex-
ample, consider a collision-detection test on two spheres touching at a single
point. Regardless of the collision detection test used, a degeneracy will be
encountered since a small change in the position of a sphere will make the
spheres either interpenetrate or separate, and this will appear as a degenerate
situation for some predicate within any collision detection program.

We thus choose to divide degenerate situations into separate categories:
Input degeneracies are those that are fundamental to the input data itself, and
will be encountered in any geometric program. Unpredictable degeneracies are
those due solely to arbitrary choices of the program. Finally, we name a third
category, intentional degeneracies, which are situations generated within a
program (rather than input to the program), and which the program later
relies on existing (i.e. it assumes that they are true at later points). An
example of an intentional degeneracy is a program generating the midpoint
of two points, then relying on the fact that it is a midpoint at a later stage.

Because unpredictable degeneracies are program-specific, they must be
dealt with in terms of general programming approaches; an entire separate
document could be written to discuss design and programming methodolo-



gies to reduce problems with unintentional degeneracies. Thus, we will not
deal with them directly, here, other than to note that our proposed method
can easily be adapted to handle many of these unpredictable degeneracies.
Likewise, we will not directly address intentional degeneracies. Our main
goal with them is to ensure that intentionally degenerate situations remain
so throughout the program. So, our focus is on how to handle the input
degeneracies, and specifically those encountered in geometric and solid mod-
eling. Unless specified otherwise, all future references to degeneracies thus
refer to input degeneracies.

2.2 Degeneracies in Solid Modeling

In geometric and solid modeling, degeneracies can be thought of as those
for which a small (i.e. infinitesimal) change in the input data will change
the nature (i.e. the required topological or combinatorial structure) of the
output. As an example, consider evaluating a Boolean operation on two
solids. If the two solids meet only at a point, this is a degenerate situation:
any slight perturbation in one direction and they will intersect in a volume,
while any slight perturbation in another direction and they will not intersect
at all.

Degenerate cases are common within solid modeling. For a boundary
evaluation example, figure 1 shows several examples of degenerate configu-
rations. Similar examples easily arise in parametric design evaluation; for
example, a hole in an object might be specified with radius such that it
intersects another boundary of the object at a point, as in figure 2. Most
solid modeling applications requiring numerical computation will encounter
similar cases.

2.3 Handling Degeneracies

Unfortunately, it is not always clear exactly what should be done to handle
degenerate situations. One is tempted to consider the “ideal” result to be
one in which the result of the degenerate situation can be output exactly
as it is given. Unfortunately, this often creates problems of its own, in that
such an exact representation may be far more complex than desired. One
example comes from the well-known fact that regularized Boolean operations
on manifold solids do not necessarily yield a manifold result. If we are willing



Figure 1: Examples of degenerate configurations appearing in boundary-
evaluations for solid modeling.

@

Figure 2: An example of a potential degenerate configuration (when a = b)
from parametric design.

to represent only manifold models, then the “exact” result cannot be rep-
resented. Trying to represent the exact result, such as with a non-manifold
data structure in the example, can drastically increase the complexity of the
computation, for all cases.

A second approach is to represent the output as a “combination” of re-
sults, i.e. as a superposition of the possible perturbed values. This is very
attractive, particularly in the sense that input data may be given with uncer-
tainty, and thus the output can reflect that uncertainty. Unfortunately, this
approach often translates numerical uncertainty (which is easily understood)
into combinatorial uncertainty. It can be very difficult to understand and
interpret such combinatorial uncertainty. This can be particularly a problem
as computation is iterated, i.e. the output of one operation becomes input to
the next. Handling such uncertain data as input can become very complex,



and rather than adding understanding, such uncertain output can quickly
seem meaningless.

Finally, another approach is to choose to interpret the data as one of
the “nearby” non-degenerate situations. There are several variations on this
approach, and perturbation schemes (including ours) fall into this category.
The benefit to this approach is that the output data in degenerate situations
falls into the same general categories as for any generic input. The key draw-
back (beyond any additional computational complexity) is that the problem
solved is not the one specified. Also, choosing how to interpret the data can
become extremely important—if the “interpretation” of the data is poor, the
result might not be the one desired (or even close to the one desired).

3 Background and Overview

We begin this section with a brief review of related work, in section 3.1. In
section 3.3 we review previous approaches to dealing with degeneracies, and
compare them with our approach. To enable better comparison, we first
provide a brief overview of our proposed approach, in section 3.2.

3.1 Previous Work

Dealing with issues of robustness has been an active area of work for quite
some time, now. Much of the need for robustness was highlighted by the work
of Hoffmann et al. [17]. Work on robustness issues has continued, particularly
within the computational geometry community.

Exact computation [18] [2] as a method for dealing with numerical er-
ror has been addressed within the solid modeling community. Much of the
earliest work focused on polyhedral solids, with only limited work on curved
solids. Among the work on exact computation in solid modeling is that of
Sugihara and Iri [28], Yu [30], Benouamer et al. [1], Sugihara [27], and For-
tune [10]. The work presented here builds off of earlier work on exact solid
modeling [20] [19]. More general work supporting exact computation includes
the development of the LEDA [21] and CORE [18] libraries, along with the
more general algorithms supported by CGAL [8].

For dealing with degeneracies, special-case code has been the predominant
approach used. Examples of special-case approaches can be seen in [16].
For curved solids, the issues of degeneracies become more complicated. A



great deal of effort has focused just on handling the intersections of quadric
surfaces, such as that of Farouki et al. [9] and Geismann et al. [12].

Perturbation methods have arisen as a more general way of dealing with
degenerate situations. In a perturbation method, we modify the input data
and perform the computation over the perturbed input data which has no
degeneracies. There are two types of perturbation methods; symbolic and
numerical. In symbolic perturbation, we perturb the input data by symbolic
amounts, perform the computations, and compute the final answer as the
limit as the symbolic amount approaches 0. On the other hand, in numeri-
cal perturbation, we actually perturb the input data by some amounts and
perform the computation. The adjective numerical is meant to be something
which is not symbolic. A common misunderstanding (addressed in our work
here) is that numerical perturbation does not involve exact computation; ac-
tually exact computation offers several benefits when coupled with numerical
perturbation.

The major drawback of symbolic perturbation is that the schemes must
either use symbolic computation, which is extremely expensive, or define
every predicate directly from the input, which is impractical for large pro-
grams. The earliest perturbation scheme was probably that of Edelsbrunner
and Mucke [5]. Emiris and Canny varied the perturbation used to a simpler
one, and applied it to a wider variety of cases [6] [7]. Yap provided an even
more generalized perturbation approach [29]. Seidel provides a summary of
these techniques, along with a critique of the general perturbation scheme
itself [25]. For solid modeling applications, Fortune actually describes the use
of symbolic perturbation for linear solids [10]. An example of our proposed
approach applied to one case was also presented recently [22].

There are also several perturbation schemes that rely on fixed-precision
computation [13] [11] [14] [15] [24]. In some of these approaches (e.g. [14]),
geometric objects are fattened (e.g. points become circles) and some adjust-
ments have to be made to the geometric algorithms.

3.2 Exact Numerical Perturbation

Although the precise definition of exact numerical perturbation will be pro-
vided in section 4, we give a brief descriptive overview here. We will consider
each of the three words in the name.

First, we use a perturbation scheme. That is, we deal with the degenera-
cies by solving a slightly perturbed version of the input problem. The basic



idea is that the perturbed version of the problem is “close” to the original
problem, and thus the results that we obtain are either acceptable or easily
converted into something acceptable as an answer.

Second, we use a numerical perturbation approach. That is, we make
actual changes in the numerical values of the data in order to apply our
perturbation. This is in contrast to the more commonly known symbolic
perturbation schemes, where the input data is perturbed by an infinitesimal
amount that is never explicitly represented as a number.

Finally, we use an ezact computation framework for our approach. This
means that we eliminate all problems with numerical error by using exact rep-
resentations for all objects (maintaining whatever precision is necessary, so
that no error is introduced), and exact numerical computations—computing
with enough precision that any decisions to be made in a program are guar-
anteed to be correct. A few aspects of exact computation should be noted:

e Since numerical error can both create spurious degeneracies and remove
desired degeneracies during the course of computation, it is important
to have a good handle on numerical error before dealing with degen-
eracies; we do so by using exact computation.

e Using exact computation will lead to a significant decrease in efficiency,

though the loss of efficiency may not be as bad as one might expect
[19].

e Exact computation (enough precision to guarantee every decision is
correct) differs from exact arithmetic (every computation is done to full
precision). Exact arithmetic can be used to achieve exact computation,
and might need to be used as a “last resort,” but it is not always
necessary. Using techniques such as lazy evaluation and filtering can
also allow exact computation, with much less computational cost.

e Although our perturbation can increase the bit-length of the inputs,
this does not necessarily lead to increased computation time, due to
filtering.

3.3 Comparison

There have been a variety of methods previously proposed for dealing with
degeneracies or perturbing data. To put our method in context, we compare
it to four such approaches here.



3.3.1 Special Cases

Special case code involves detecting each degenerate case and creating a
special case line of computation to handle the degeneracy (presumably dif-
ferently than if the predicate had been positive or negative). Generally, this
is the approach used whenever one wishes to create output that maintains
the degenerate situation or creates “ambiguous” output; it is less effective
than other methods for the “interpret data one way” approach. We outlined
above (see section 2.3) the various advantages and drawbacks of these alter-
native ways of dealing with degeneracies. Treatment by special cases requires
a great deal of analysis and extra coding, and it is difficult to ensure that
all degeneracies have been found, and if so, that they are all handled in the
correct way. In contrast, exact numerical perturbation requires very little
algorithmic change.

3.3.2 Symbolic Perturbation

With symbolic perturbation, the geometric aspects of the output are con-
sidered to be unchanged - only the topological information is different from
that specified. This can lead to output that may be difficult to interpret
or deal with, and may cause more robustness problems as operations are
iterated. For example, the resulting solid may have edges of length zero,
surfaces of area zero, and the like. In contrast, our approach actually mod-
ifies the geometric information. Our resulting solid is thus different from
what a designer might have specified (though we can ensure it stays within
some distance envelope, for example), but the solid has no such problematic
geometry.

Also, symbolic perturbation schemes usually require (in order to have any
reasonable efficiency) that each internal predicate can be expressed directly
in terms of the input data. While this is feasible for some small-scale, simple
programs, it is completely impractical for larger-scale or iterated programs.
In such programs, the deep computation path and repeated use of gener-
ated data would make tying everything back to the original input nearly
impossible.

One similarity between methods is that both rely on exact computation;
exact computation is usually a prerequisite for symbolic perturbation.
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3.3.3 Numerical Perturbation

When numerical perturbation has been applied in the past, e.g. as in Sug-
ihara’s work [28], it is usually done in the context of fixed precision com-
putation. That is, data is perturbed pointwise across a grid made up of
representable points in fixed-precision space. This significantly limits the
types and amounts of perturbation that can be applied; though it works for
several cases, it is not as general in application as our proposed approach.
In contrast to these earlier methods, our use of exact computation allows for
a wider range of perturbation amounts. In fact, as will be shown below, our
approach yields the full generality that could be obtained through symbolic
perturbation.

Numerical perturbation is also sometimes used as a “hack” to force com-
pletion of a computation at a local level. That is, if a computation comes out
to zero (or a problematic case such as a rank-deficient matrix), the input is
slightly (randomly) modified so that recomputation is (hopefully) successful.
Application in this manner falls in the realm of folklore, and is completely
insufficient for our purposes. Most notably, such local perturbation is usu-
ally unable to guarantee consistency across the entire output, as is necessary
in solid modeling. Our method applies the perturbation at a more global
level. Also, this approach can easily lead to the disappearance of intentional
degeneracies, which is not desired by any application.

3.3.4 Other Input Perturbation

Recently, a different type of perturbation approach has been proposed by
Song et al. [26]. In this approach, input data (specifically, the paramet-
ric surfaces) are modified in such a way as to meet a particular constraint
(specifically, intersecting on a certain curve). That is, the input is perturbed
in a very specific way to ensure a specific outcome. In contrast, our method
modifies the input data, but in a more random fashion, rather than insisting
on achieving a particular result. In its current form, the approach of Song et
al. is not applied to degenerate data, and in fact the specific algorithms are
limited in the number of surfaces that can be so adjusted, but the method
has potential for future application in such a direction.
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4 Exact Numerical Perturbation

In this section we give a formal definition of exact numerical perturbation,
and show how it fits into the general perturbation framework. In order to
provide context, we first review the formal definition of symbolic perturbation
schemes as discussed by Seidel [25] [7], in section 4.1. Then, we describe how
the exact numerical perturbation falls into the same framework in section 4.2.
In section 4.3 we discuss issues related to implementation of exact numerical
perturbation, and in section 4.4 we discuss practical implementation details
to achieve specific results.

4.1 Perturbation

As discussed before, a perturbation method is a general approach for elim-
inating degeneracies. When a perturbation is applied, the input data is
modified and the computation is performed over the perturbed input data.
Since the perturbation eliminates degeneracies, the computation does not
have to deal with degeneracies, and thus terminates without any trouble.

Seidel [25] [7] gives a syntactic definition for perturbations, though his
focus is specifically on symbolic perturbations. We follow his discussion here,
to demonstrate that we can frame our exact numerical perturbation in a
similar manner. The material in this section is basically a paraphrase of
Seidel’s work, with the following changes:

e We restrict our discussion to linear perturbations, as opposed to more
general ones.

e Unlike Seidel, we do not assume that the input data is uniform in
dimension.

We include this section in order to provide context and justification for the
following sections.

Consider the problem II from some input space Z to some output space
O. We assume that an input instance = consists of n vectors xq, ..., z, where

o .
xi:(x“,...,ximi)e]Rl, 1=1,...,n.

Thus, the input space Z is the Cartesian product R™ x --- x R™. Also, we
assume the output space O is endowed with some topology.
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For an input instance x = (z1,...,2,) € R™ x .. x R™ define a
perturbation of z to be a tuple z () = (x1(),...,z,()) of rays x; () in R™
starting at x; € R™ for ¢ = 1,...,n. That is

x(e) = (x1(€e1),..., 2y (€n))
= (r1+edy, ...,z + €,dy) (1)

where € = (€1,...,¢,) € R%; and d; = (di1, ..., dim,) € R™ \ {0} is some
direction, i.e., some non-zero vector in R™ for i =1,...,n.

A perturbation scheme X assigns a perturbation z () to every input in-
stance x in the input space.

Given a problem IT : R™ x - .- x R™* — O and a perturbation scheme X,
define a perturbed problem of II to be the problem T from the input space
R™ x ... x R™ to the output space O such that

o () zelir&ﬂ(x(e)), Ve € R™ x - x R, (2)
We assume that a perturbation problem is well-defined, i.e., the limit in the
right hand side of (2) exists. Often, the perturbation scheme X is clear from
the context, so we just write II for the perturbed problem.

So, we want a perturbation scheme that follows this well-defined pertur-
bation and that is continuous on some superset of the domain of the original
problem so that some (ideally all) degenerate input instances are dealt with.
Furthermore, we hope the computation of the perturbed problem is easier
(since degeneracies do not need to be handled) than the computation of the
original problem. On an input z, we solve the perturbed problem II ()
instead of the original problem II (z). In a symbolic scheme, we must then
post-process the information obtained from the output of the perturbed prob-
lem II (x) in order to recover the output of the original problem II (x). When
the perturbation is continuous, though, such post-processing is unnecessary.

Computations of problems are modeled by extended algebraic decision
trees. An extended algebraic decision tree is ternary tree. Each interior node
v is associated with the test function f, : R™ x---xR™ — R and its (three)
branches are labeled by —1, 0 and 1, respectively. Each leaf v is associated
with the result function g, : R™ x --- x R™ — Q.

Let T be an extended algebraic decision tree that models computation of
a problem IT : R x --- x R™* — . On an input x € R™ x --- x R™" the
computation of IT (x) is modeled by a traversal of T from the root to some leaf.
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At each internal node v of T, the sign of the test function s, (z) = sgn (f, (z))
is evaluated, then the branch labeled by s, () is taken to one of its subtrees
and the computation is continued in that subtree. When a leaf v of T is
reached, g, (x) is evaluated and returned.

We assume that, for every internal node (or leaf) v of T’ the test function
fo (or the result function g,, respectively) is defined and continuous at all
input instances x that reach v.

A perturbed problem IT on an input € R™ x --- x R™ is also com-
puted by a traversal of T'. At each internal node v of T, instead of s, () =
sgn (f, (2)), S, (x) = lim._o; sgn (f, (x (¢))) is evaluated and used to take the
branch to the appropriate subtree. When a leaf v of T" is reached, instead of
gy (%), g, () = lim,_o; sgn (r, (z (¢))) is evaluated and returned.

Let f: R™ x --- x R™ — R be a continuous function, and let = €
R™ x ... x R™. A perturbation z () of = is said to be wvalid for f iff
lim, o4+ sgn (f (z (¢))) exists and is non-zero. A perturbation scheme is said
to be walid for f iff, for all x € R™ x -+ x R™", () is valid.

Theorem 4.1 Seidel [25] [7]

Let T be an extended algebraic decision tree that computes a problem
IT: R™ x ... x R™ — . Furthermore, let X be a valid perturbation
scheme for all the test functions appearing in T'. Then

1. A perturbed evaluation of T computes the perturbed problem o
2. If 11 is continuous at x € R™ X --- x R™" then o (x) =1 ().

3. The above statements remain true even if some of (or all) the 0-branches
of T are removed.

Let f: R™ x---xR™ — R be a continuous function. Then, S = f~1(0)
is a hypersurface formed by the zero set of f.

Let z () be a perturbation of x = (z1,...,x,) € R™ x ... xR™. Suppose
some open initial segment of the curve x () does not intersect the hypersurface
S,ie., 3(71,...,7,) € RY, such that

e=(€1,...,6,) €(0,71) X -+ x (0,7,)
= f(x(e)) :f(x1(€1)7"'>xn(€n))7£0

Then, for all the points x (¢) on this initial open segment, the values f (z (¢€))
must have the same non-zero sign. This implies the limit lim, o sgn (f (z (€)))
exists and is non-zero, i.e., z () is valid for f.

14



Recall that x () is a tuple of rays z; () in R™ starting at x;, i.e., z; (¢;) =
x; + €;a; where ¢, € Ry and a; € R™ \ {0}. The curve z () is invalid for
f because 1) S contains some open initial segments of the curve z () or 2)
S is not “well-behaved” meaning that a straight line intersects with S at
infinitely many points. We ignore this second case, since it is not the case
for the interesting test functions such as polynomials and rational functions.

A slightly more conservative version of 1) can be stated as follows: if, for
1 =1,...,n, the projection of S to R™ does not contain some open initial
segments of the ray z; (¢;) = x; + €a; then x () is valid. The conditions
for the conservative version of 1) are satisfied almost always. Hence, for a
fixed but arbitrary input z = (z1,...,2,) € R™ X .-+ X R™ the set of all
tuples of directions a = (ay,...,a,) € (R™ \ {0}) x --- x (R™ \ {0}) such
that the perturbation z (¢) = (z1 + €1a4, ..., %, + €,a,) is invalid for f is of
measure 0. In other words, even if a tuple of directions a € (R™ \ {0}) x
-+« x (R™\ {0}) is chosen at random, with probability 1, the perturbation
x(€) = (x1 + €101, . .., Ty + €,a,) is valid for f. The last statement holds not
just for a single function, but also for any finite set of continuous functions
whose zero sets are smooth.

Proposition 4.2 Random perturbations work almost always.

We say that S is well-behaved iff every straight line L is either contained
in S or every bounded segment of L intersects with S in at most finitely
many points. We say S is scale-invariant iff, Voo € R, a € S implies aa € S.
For example, polynomials, rational functions and analytic functions are all
well-behaved. Practically, all primitive test functions arising in geometric
algorithms are scale-invariant.

Lemma 4.3 Seidel [25]

Let f : R™ x ... x R™ — R be continuous, well-behaved and scale-
invariant, and let a = (aq, ..., a,) € (R™ \ {0}) x---x(R™ \ {0}) be a tuple
of directions, i.e, a tuple of non-zero vectors in R™ ... R™ with f (a) #
0. Then, for every x = (x1,...,2,) € R™ X -+- X R™ the perturbation
x(€) = (z1 + €ay,...,x, + €,a,) is valid for f.

Theorem 4.4 Seidel [25]

Let T be an extended algebraic decision tree for a problem Il and F be
the set of test functions in T. Assume that all f € F are well-behaved and
scale-invariant.

15



Ifa = (ay,...,a,) € (R™ \ {0}) x -+ x (R™ \ {0}) is a tuple of direc-

tions, i.e., a tuple of non-zero vectors in R™ ... R™ such that f(a) # 0
for all f € F, then, for every x = (x1,...,2,) € R™ X .-+ x R™ the
perturbation x (€) = (x1 + €1aq, ..., 2, + €a,) 1s valid for F.

The theorem is paraphrased as “if you know just one non-degenerate
input, then you can use it for a valid linear perturbation for every possible
input.”

However, explicitly constructing such a “non-degenerate” input can be a
difficult problem (this is the subject of section 4.4).

It is important to note that exact computation is necessary for imple-
menting a perturbation scheme since resolving degenerate cases relies on
exact sign determination of test functions.

4.2 Numerical Perturbation

We now describe exact numerical perturbations.

In section 4.1 we saw that, in the perturbed computation of a problem, the
test functions and the result functions are evaluated at a symbolically per-
turbed input instance and then the limit when the symbolic amount of per-
turbation approaches zero is taken. For our numerical perturbation scheme,
the procedure is the same, except the limit is not taken. By the continuity
condition, all the test functions are evaluated to have the same signs as long
as the amount of perturbation is small enough and the direction of a per-
turbation is the same. The output of the result function becomes slightly
“larger” since objects of measure 0 no longer exist. Thus, exact numerical
perturbation can be viewed as a backward-stable operation: we compute the
output of a perturbed problem of the original input.

For the same reasons as the case of symbolic perturbation, exact com-
putation must be used. The adjective “numerical” is meant to convey that
the perturbation is not symbolic. In order to emphasize the fact that exact
computation is required for our numerical perturbation, we call it an exact
numerical perturbation.

We now give a formal description of a numerical perturbation (or an exact
numerical perturbation) which is analogous to a symbolic perturbation. Note
that this description of a numerical perturbation yields a more general form
than that of the (fixed precision) numerical perturbations of prior work.
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Consider the problem II from some input space R™ x --- x R™ to some
output space O that is endowed with some topology.

For an input instance x = (z1,...,2,) € R™ x --- x R™ define a
numerical perturbation of x to be a tuple of vectors

2(6) = (z1(61),..., 20 (0n))
= (x1+(51d1,...,]}n—|—(5ndn) (3>

for some 6 = (01, ...,0,) € R%, where d; = (d;1, . .., dim,;) € R™\ {0} is some
direction, i.e., a non-zero vector in R™ for i =1,...,n.

A numerical perturbation scheme X assigns a numerical perturbation z ()
to every input instance x in the input space.

Given a problem II : R™ x --- x R™ — O and a numerical perturbation
scheme X, define a numerically perturbed problem of II to be the problem
I1¥ from the input space R™ x ---R™» to the output space O such that

0¥ (z) =1 (z (6)), VoeR™ x-..xR™. (4)

A numerically perturbed problem Il on an input x € R™ x ... x R™
is computed by a traversal of an extended algebraic decision tree, T', for
computing the original problem II. At each internal node v of T, instead of
sy () = sgn(f, (x)), Sy (x) = sgn (f, (z(0))) is evaluated and used to take
the branch to the appropriate subtree. When a leaf v of T' is reached, instead
of g, (x), gy () = sgn (r, (z(0))) is evaluated and returned.

Let f :R™ x ... x R™ — R be a continuous function, and let z &€
R™ x ... x R™ . A numerical perturbation x () of x is said to be walid for

fiff sgn( (x (5))) is non-zero and Ve € (0,0), sgn (f (z (¢))) is the same as
sgn( (xz (6 ))) A perturbation scheme is said to be wvalid for f iff, for all
rE€R™ x .-« x R™ x () is valid.

Theorem 4.5 Let T be an extended algebraic decision tree that computes a
problem I : R™ x - .- x R™ — O. Furthermore, let X be a valid numerical
perturbation scheme for all the test functions appearing in T. Then

1. A numerically perturbed evaluation of T' computes the numerically per-
turbed problem I1%.

2. limg_o. IIX (z) = o (z). Furthermore, if 11 is continuous at v €
R™ X -+ x R™ then lims_ oy [I¥ (z) = II ().
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3. The above statement remain true even if some of (or all) the 0-branches
of T are removed.

Proof 1. Described in the above.

2. The first statement is immediate from the definition for valid numerical
perturbations. The second statement follows from the first statement
and theorem 4.1.

3. By the same argument used to show theorem 4.1 3).

By the above theorem, a valid numerically perturbed computation of a
problem evaluates the test functions to the same sign as a valid symbolically
perturbed computation. Thus, by the same arguments as proposition 4.2
and theorem 4.4, we can show the following:

Proposition 4.6 Random numerical perturbations work almost always. More
precisely, even if directions of perturbations are chosen at random, almost al-
ways, there exists an appropriate choice for the amount of perturbations so
that a numerical perturbation scheme is valid.

Theorem 4.7 Let T be an extended algebraic decision tree for a problem 11
and F be the set of test functions in T. Assume that all f € F are well-
behaved and scale-invariant.

Ifa = (ay,...,a,) € (R™ \ {0}) x --- x (R™ \ {0}) is a tuple of direc-

tions, i.e., a tuple of non-zero vectors in R™ ... R™ such that f (a) # 0
forall f € F, then, for every x = (x1,...,x,) € R™ X ... xR"™ there exists
a numerical perturbation x (€) = (x1 + d1a1,...,%, + 0pay) that is valid for
F.

4.3 Issues of Implementation

We have seen that a symbolic or numerical perturbation is valid iff the per-
turbed computation of the problem does terminate and produce some output.
This does not necessarily mean that the output of a valid perturbed compu-
tation is the same as or very similar to the ideal one. There are several issues
that must be dealt with in order to move from the theory of exact numerical
perturbation to a practical implementation.
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4.3.1 Direction of Perturbation

We showed above that numerical perturbation was valid, in a sense, assuming
that the direction of perturbation was acceptable and that the amount of
perturbation was small enough. We will deal with amount below. The choice
of a good direction of perturbation is a problem common to all forms of
perturbation, including symbolic and fixed-precision numerical.

As was stated in theorem 4.7, valid perturbations will exist in most cases,
and as stated in proposition 4.6, almost any random perturbation direc-
tion will work. However, not all such random perturbations are considered
“good.” The choice of a “good” perturbation direction will depend heav-
ily on the problem itself. We want to choose a perturbation direction that
is likely to capture the intent of the designer. That is, we want to choose
some nearby configuration of the input, while eliminating the computational
problems with degeneracies, that is still “close” to what the designer of the
input intended. For example, earlier work on boundary evaluation [28] [10],
including our prior work [22], uses an expansion and contraction operation
on basic primitives to achieve a “good” perturbation. Since an appropriate
choice of direction is problem-dependent, we do not propose a single solu-
tion, but rather describe below (section 4.4) a couple of general categories
for choosing directions.

Often, to try to capture design intent, a non-random perturbation di-
rection is used. It is possible that this perturbation direction, then, might
not remove all degeneracies. An example is seen in figure 3, where if both
objects are perturbed through expansion and contraction (see section 4.4),
the degeneracy will remain. It is therefore important to choose perturbation
directions that are appropriate for your application.

4.3.2 Amount of Perturbation

In symbolic perturbation, the output of a perturbed computation is usu-
ally geometrically correct but slightly modified topologically. The perturbed
computation may add some extra things to the output, but, in the end, they
will be shrunken so that they are of measure 0. In numerical perturbation,
the output of a perturbed computation is truly different than that of the
original problem - instead of measure 0 structures, we have “very small but
positive measure” structures. Strictly speaking, the intent of the designer
is lost when numerical perturbation is applied. However, in many cases our
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q

Figure 3: Example where perturbing inward and outward does not remove
the degeneracy.

small structures will be no worse than the measure zero structures.
Another issue with the amount of perturbation comes from meeting the
validity constraints of the above theorems. We have shown that exact numer-
ical perturbation is valid if the amount of perturbation is “small enough,”
i.e. so small that any smaller perturbation would not change the sign of any
predicate. Unfortunately, determining a bound on ¢ that is “small enough”
is not straightforward. In a practical sense, we want 6 to be small enough
to guarantee validity, but not so small as to create undue computational
efficiency problems. This is a shortcoming of fixed precision numerical per-
turbation - you are limited in the bounds and values (as well as directions) for
perturbation by the precision allowed. In contrast, we can always reduce our
perturbation amount (making use of scale invariance) to any level desired.
One way of getting around this difficulty is to rely on an idea of a global
tolerance. That is, you assume that the input geometric data is correct within
some amount, 7. The global tolerance often is used to take in to account
the inexact nature of the real-world data. Any perturbation of the input
0 < 7 is allowed, i.e. the input geometric data can be perturbed as much as
is necessary to allow the program to run, as long as the perturbation is less
than 7. In some cases, this can be even more desirable than the precise , as
it would allow perturbation of the input anywhere within the tolerance en-
velope, potentially lowering computational cost (if perturbed to, e.g. a lower
bit-length) and computational complexity if perturbed to, e.g. a position
where the output had lower combinatorial representation requirements). As
the tolerance value approaches zero, though, the perturbed surfaces still ap-
proach the original surfaces, and thus we can achieve valid exact numerical
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perturbation (as outlined above) if we can determine a good bound on 4.

4.3.3 Exact Computation

Our method requires implementation within an exact computation frame-
work. Although this is a feasible approach [19], support for exact computa-
tion is not yet commonplace or widely accepted. It also involves a significant
cost in efficiency.

Numerical perturbation has the potential to drastically increase the bit
length of input data (it could also decrease it, though). For example, the
number 1 might be perturbed to 1.000001 (or vice-versa) . Several exact
computation techniques, though, tend to minimize the impact of this in-
crease. Floating point filters are a clear example—usually the perturbed
data will have the same filtered representation as the unperturbed, so there
is only additional computation required when the filters fail. This should be
particularly true in the continuous areas of the computation, so that addi-
tional time is spent only near the original degeneracies (when filters would
be expected to fail).

It is important to note the reason we are using exact computation and
handling degeneracies is to achieve greater robustness and consistency. The
goal is not necessarily to have an exact solution to the input problem—in
the real-world it is very rare that the output solids would need to be found
with absolute precision. However, without accounting for numerical error
and degeneracies, programs are subject to crashes or inconsistent output,
neither of which is a desirable condition. We want to have a program that
can reliably produce a set of valid output, for a wide variety of input.

4.4 Practical Implementation of Exact Numerical Per-
turbation

The problem now becomes how we can choose to implement exact numerical
perturbation in a real-world setting. First, an exact computation approach
is required for the computation [19].

Theorem 4.7 states that “if you know just one non-degenerate input,
then you can use it for a valid linear perturbation for every possible input.”
But, given a problem, explicitly constructing “non-degenerate” input is not
obvious. Proposition 4.6, assures us that even if directions are chosen at
random, there almost always exists a valid numerical perturbation scheme.
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On the other hand, as discussed in the pervious section, we would like to
maintain the designer’s intent.

Although the direction and amount of numerical perturbation to allow
will be specific to an individual problem, we will describe here two simple
and direct instantiations of numerical perturbation, “random translation”
and “contraction/expansion.” These can be used in many geometric model-
ing situations. In practice, we will choose directions of perturbation accord-
ing to a ceratin criterion, and then adjust amounts of perturbation (e.g. to
meet a global tolerance). There are many other possible ways of choosing
perturbation directions, e.g. via rotation or arbitrary affine transformation,
or even by local translation of geometric elements; we mention these as just
two possibilities.

4.4.1 Random Translation

Random translation is a numerical perturbation scheme where input in-
stances are translated in random directions. In these instances, we pick
the direction at random, and translate all geometric elements accordingly.
This is easily adapted to a computed-direction translation. The random
translation approach fits most easily into the description of exact numerical
perturbation outlined above. With a truly random choice of direction, we
can be assured of, with probability 1, eliminating any degeneracies.

We note, however, that this perturbation is less likely to meet any criteria
of capturing designer’s intent. Even though the operation might complete,
the output can be different from the what the designer intended. This is
essentially due to the lack of consideration of the amount of perturbation.
Proposition 4.6 assures only the existence of some numerical perturbation
scheme but does not tell any information about how much an input will be
perturbed. In symbolic perturbation, this is not a problem since the limit
when this amount approaches to zero is taken. In numerical perturbation,
however, an input is actually perturbed by some positive amount which might
be larger than the tolerance value. So, we must somehow check whether or
not the designer’s intent is maintained, which will have to be done analyti-
cally on a case-by-case basis.
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4.4.2 Expansion / Contraction

A second numerical perturbation approach is expansion/ contraction. This
has been shown to be quite useful in the handling of boundary evaluation
operations. Sugihara and Iri proposed the principles early on [28], and For-
tune later adapted them [10] for polyhedral solids. We have implemented
exact numerical perturbation over curved solids, as described below and in
an earlier paper [22].

With expansion/contraction, the input data is effectively scaled outward
or inward, from an object centroid. For simple geometric objects (such as
those encountered as CSG primitives), this is usually straightforward. By ad-
justing which objects are perturbed inward (contracted) and which outward
(expanded), we can capture designer’s intent relatively well.

Expansion / Contraction for Primitives Applying expansion/contraction
to general curved surfaces is nontrivial. That is, it is easy to define such an
operation in theory, but difficult to implement it in practice. Fortunately,
however, it is relatively easy to apply expansion/contraction to the standard
CSG primitives (boxes, generalized cones, ellipsoids, and tori). Perturbations
at one level of a tree can always be propagated to the primitives. Details are
descrined in section 5.2.

For each of these primitives, we scale the entire solid by a certain amount
(bounded from above by the global tolerance), fixing its centroid. By fixing
the centroid of a solid, we scale the solid outward /inward by the same amount
in any direction. More precisely: Fix a point p on a surface of a solid and let
us use the same symbol p for a position vector originated at the centroid of
the solid. Define the expansion or contraction of p by § if ¢ = (1 +0)p and
0 > 0 or d <0, respectively. For example, an ellipsoid can be expanded just
by increasing the radius vector.

There are a few shortcomings to the exact numerical expansion and con-
traction as applied to boundary evaluation, which we list here.

First, there are a limited number of cases for which expansion or contrac-
tion is not sufficient.

Second, it is possible with perturbation schemes to create small, unin-
tended features in objects. While these will indeed be small, and should not
affect the overall topology of the solid, they can be annoying to deal with in
subsequent computation.
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5 Examples of Numerical Perturbations

a b C

Figure 4: Real-world examples. a. Cargo hatch, b. Commander hatch, c.
Engine

We see here some examples of degeneracies resolved by applications of
the exact numerical perturbations.

5.1 Random Translation

Figure 5: Four parabolas in degenerate configuration. They intersect with
each other at a single point, the origin.
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Figure 6: Four parabolas randomly translated.

Consider the problem II; to locate four parabolas

fi 1 2X2—Y =0,
fot X2V =0,

fy 1 —X2_Y =0,
fi1 —2X2-Y =0,

They are in degenerate configuration; namely, they intersect with each other
at a single point, the origin. (See figure 5.) Suppose a random translation is
applied so that they are perturbed to

fi o 22X+ 51-Y =0.

(Note, this is not actually a very random perturbation, but it illustrates the
idea well.) Then, no three or four of the perturbed parabolas intersect simul-
taneously at a single point (see figure 6). They are no longer in degenerate
configurations. Thus, this random translation is valid.
Now, consider another problem II; to locate four parabolas fi,..., f; and
the circle
g X>+Y?—1=0.

If we travel on g; clockwise from the point (0,1) to the point (0,—1), then
we meet those parabolas in order of fi, fo, f3, fs. On the other hand, we
meet the perturbed parabolas in order of fs, f1, f3, f4. Thus, even though
this random translation is valid, it fails to maintain the designer’s intent.
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If we consider the problem II3 to locate four parabolas fi,..., f4 and the
circle

g X?P+Y?—4=0

then the random translation removed degeneracies and still keeps the order
of intersections between parabolas and the circle g;. Thus, this random
translation is valid and also maintains the designer’s intent.

In general, it is neither trivial nor easy to maintain the designer’s intent
with application of random translations. The difference between problems
IT; and II3 has to do with the size of the perturbation relative to the size
of the circle being tested (i.e. the larger circle was equivalent to having a
smaller perturbation). For a given circle size, the perturbation amount could
be reduced to be small enough to guarantee correct ordering of the intersec-
tions. Similarly, a given numerical perturbation can always be made small
enough (since we use exact computation) to be equivalent to any symbolic
perturbation. Determining that amount ahead of time, though, is in general
a difficult problem.

5.2 Expansion/Contraction for CSG Trees

We have also applied the exact numerical perturbation to resolve degeneracies
in a boundary evaluation procedure. The results of this work were presented
in a previous short paper [22], so we will not repeat the details here. Instead,
we will briefly summarize the main results.

5.2.1 Overview of Procedure

In real-world inputs, degenerate configurations are common. Although a
system for exact boundary evaluation, ESOLID, has been developed [19],
it assumes general position, and fails on most degenerate inputs. We have
implemented an expansion/contraction exact numerical perturbation on top
of ESOLID, in order to eliminate problems encountered with degeneracies.
We detect when degeneracies are encountered during boundary evalua-
tion, and apply our perturbation scheme at that time. Since the degeneracy
may be encountered high up in a CSG-tree, we need to perturb the objects at
the point of the degeneracy. In order to better capture designer’s intent, there
is a scheme that decides which object(s) to perturb inward and which out-
ward. Furthermore, we have shown that inward/outward perturbations can
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be “pushed down” the CSG-tree to become a set of expansion/contraction
operations at the leaves. After perturbation, the following holds:

Proposition 5.1 1. A surface of a primitive solid is expanded/contracted
so that it is parallel to that of the original.

2. A surface of any solid represented as some subtree rooted at some in-
ternal node of a CSG-tree is expanded/contracted so that either 1) it
is parallel to that of the original or 2) there is no counterpart in the
original.

3. An edge of a primitive solid is expanded/contracted so that it is parallel
to that of the original.

4. An edge of any solid represented as some subtree rooted at some internal
node of a CSG-tree is expanded/contracted so that either 1) it is parallel
to that of the original or 2) there is no counterpart in the original.

5. The centroid of any primitive solid does not move.

5.2.2 Real-World Examples

The perturbation scheme was applied to a set of real-world models developed
under the BRL-CAD solid modeler [4]. ESOLID converts parts from CSG
format to an exact B-rep format, and the perturbation is applied as necessary.

We examined three parts from a model of a Bradley Fighting Vehicle,
each of which contained degeneracies, and thus could not be evaluated by
ESOLID alone. In summary, on these real-world cases, the exact numerical
perturbation did indeed allow us to compute the result while maintaining a
reasonable designer’s intent. The perturbed versions ran slower than the un-
perturbed versions (on the portions that both could compute), due to higher
bit-length. Filters failed slightly more often. For two examples the increase
in time was very modest (40% increase in time), however, one model took
significantly more time (7.3 times as long) to compute. In part, this exceed-
ingly longer time was found to be due to secondary effects of the perturbation.
Specifically, the perturbation created a situation (having to separate two very
close curves that were once only one curve) that our particular evaluation
algorithm was not adept at handling. A different boundary evaluation algo-
rithm, however, might have no such difficulty, and thus not require such a
significantly longer amount of time.
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6 Conclusion

We have presented a formal description of the exact numerical perturbation
approach for removing degeneracies. We have described why the approach
works, and how it can be implemented in practice.

We have discussed the nature of degeneracies, particularly in solid mod-
eling applications. We have reviewed alternative approaches for handling
degeneracies and compared our exact numerical perturbation technique and
them to highlight the benefits and drawbacks of our approach. We have
shown examples of exact numerical perturbation applied to resolve degen-
eracies appearing in solid modeling applications.

6.1 Future Work

Among our directions for future work are the following:

We would like to further develop our implementation of the exact numer-
ical perturbation scheme, and test it on a greater range of applications. Due
to the complexity of building an exact solid modeling base system, though,
we will probably continue to base our work around the ESOLID [19] system.

As mentioned earlier, there are a few cases where the current implementa-
tion of exact numerical perturbation does not resolve degeneracies (due to the
choice of direction). There are also some situations where multiple degenera-
cies can cause conflicting information in perturbation directions. Trying to
develop a more generalized and systematic approach to specifying perturba-
tion direction would be beneficial for not just exact numerical perturbation,
but any perturbation.
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